LOCAL SOLVABILITY ON Hi: NON-HOMOGENEOUS 

OPERATORS 

CHRISTOPHER WINFIELD 

Abstract. Local solvability and non-solvability are classified 
for left-invariant differential operators on the Heisenberg group 
Hi of the form L — Pn{X, Y) + Q{X, Y) where the P„ are certain 
homogeneous polynomials of order n > 2 and Q is of lower order 
with X = dx, Y = dy + xdw on R'^ . We extend previous studies 
of operators of the form P„ {X, Y) via representations involving 
ordinary differential operators with a parameter. 



1. Introduction 

We continue our study of the solvability of operators of the form 
P{X, Y) for certain left-invariant vector fields on the Heisenberg 
group with underlying space M?. We choose the realization of the 

corresponding Lie algebra using X dx-, Y dy + xd^ for (group) 
variables x,y,w. Note that our operators include all generators of 
[)f since = [X,Y]. Local solvability for such a class of operators 
is well researched and we defer to [Ml, M2, Wl] and the references 
therein for an introduction to the present research. Our work closely 
follows those techniques used in [C, Wl, W2, W3] to study related 
operators. 
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The study operators of order n > 2 which can be expressed as 
polynomials (in operator notation) of the form 

n 

(1.1) L = p(x,y) = ^p,(^,i") 

where each Pi is homogeneous of degree / in the non-commuting 
variables X, Y with complex (constant) coefficients. Moreover, the 
highest-order terms P„ form a so-called generic operator by which 
we mean the following: In the complex variable z, Pnij-z. O) = z"' 
and Pniiz, 1) has distinct complex (characteristic) roots {7j}"=i. In 
this article we will characterize local solvability of operators L in 
terms of related ordinary differential operators of the form £^ — 
^"^Q/x"~^Pi(i9t, ±t) and £^ = Pn{idt, ±t) along their respective ad- 
joint operators. 

The major object of the present work is to examine the effect, if 
any, that the inclusion of lower-order terms has to the solvability of a 
homogenous left-invariant operator. Some of the more famous results 
in local (non-) solvability are characterized in terms of the principle 

symbol defined on T*{W^) given by Pn{x,i) = E|a|=n «°(^)(«D" 
for an operator L = ^\a\=n^a{x)dg. Necessary and sufficient con- 
ditions for operators of principle type appear in the works [NTl, 
NT2]. More general criteria appear in [H61] (Theorem 6.1.1): For 
L to be locally solvable, Pn{x,^) must satisfy Pn{x,^) = 

T.T=l^x,Pn{x,i)^^^Pn{x,i) - %Pn(^, C)<9x#n(^, = 0" I" ^^ese rC- 

sults the highest-order derivative terms determine (non-)solvability; 
and, the inclusion of any smooth lower-order terms do not alter this 
property. The latter result has been applied to various left- invariant 
operators on of various dimensions m [MPR]. Our operators, 
however, are at least doubly characteristic (see [Wl]). In contrast, 
our approach is, for the most part, to study solvability of operators 
P(X, y) as compared to the solvability of the operator P„(X, F), 
formed by highest-order terms of P(X, Y) in the subalgebra of f)^ 
generated by X and Y - not necessarily those of highest order in 
differentiation: Note, for instance, that is of order two in the 
subalgebra, but has a symbol of order one. 
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We elaborate on our motivation for using the particular represen- 
tations £^ of L: For f{x,y,w) G iS(M^) and ' (") denoting Fourier 
(inverse) transform with respect to the second and third variables, 
we write Lf{x, y, w) = L{f ){x, y, w) = 

(1.2) ^/ e-'^^y+^^^P{d,,-i{^ + rjx))f{x,^,i,)d^dri 

The change of variables t = x/x ± ^//x and /x = \/]r]\ leads us to the 
representations : /x > given hy X ^ /x^, Y ^i/it (resp.) 
whereby we obtain 

" n / ■ \ n-l / J \ 

(1-3) A^(L) = 5^A,(P,(^,>^))-(-^A^)"EU ^Td^'O 

1=0 1=0 ^ ^ 

= {-ifiY'C^ (resp.) 

The realizations £^ lend themselves to analysis as ordinary differ- 
ential equations involving a parameter (with singularity at /x = 0). 
In turn, our positive results on solvability occur in the cases where 
solutions to = g can be used to construct parametrices for L. 
We introduce 

Definition 1.4. The operator £^ has as regular parametrix on Q 
if for every bounded function g G C°°(M) there is a function F{t,fj.) 
satisfying the following: 

1) F is a smooth function in the variables {t, /x) in domain ft; 

2) C/^F — g on Q; and, 

3) For every m 3 a, C > so that \diF{t,n)\ < C{l + \t\ + |/x|)" 
on Q for each J : < j < m. 

A general result which we arc ready to present is the following 

Lemma 1.5. An operator L as in (1.1) is locally solvable if each of 
the associated operators have regular parametrices on M x (/xq, oo) 
for some /Xq > 0. 

Prom the above lemma we will obtain the following results: 

Theorem 1.6. For the operator L as in (1-1) suppose that the (gen- 
eric) polynomial Pn has characteristic roots 7j all with non-zero real 
parts. Then L is locally solvable if Pn{X,Y) is locally solvable. 
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Prom [Wl] we have immediately 



Corollary 1.7. The operator L of Theorem 1.6 is locally solvable if 
ker{C^)*f]S{R) = {0} for both choices of ± sign. 

Results on non-solvability we are ready to state are as follows: 

Theorem 1.8. Suppose L is as in (1.1) for some generic Pn. Then 

L is not locally solvable if, for some choice of ± sign, the set of 
parameters /j, e M"*"; ker{C'^)*f]S{M) \ {0} ^ has a limit point in 
R+. 

Theorem 1.9. An operator as in Theorem 1.6 is not locally solvable 
if the cardinality of either {'-)j\Re^j > 0} or {■yjlRe^yj < 0} is greater 
than n/2. 

The outline of the article is as follows: In Section 2 we establish es- 
timates of bases for kerC/^ for (t, fi) in real domains as in Lemma 1.5. 
In Section 3 we estabhsh estimates with extended to certain 

complex domains. In Section 4 we construct solutions to Lu — f to 
prove Lemma 1.5 and Theorem 1.6. In Section 5 we provide partic- 
ular results on non-solvability, including proofs of Theorems 1.8 and 
1.9. In Section 6 we develop criteria for non-solvability by which we 
develop exact conditions for some subclass of operators L. In Sec- 
tion 7 we apply our general results to various classes of second-order 
operators and compare our results to those of a well-known subclass. 



2. Canonical bases for ker£^ 

We will introduce some notation which we will use throughout the 

remainder of the article: Given functions / and g, the expression 
f ^ g will mean 3C > (fixed) so that |/| < C\g\ holds on the 
specified domain; and, the expression f ^ g will mean that f ^ g 
and (7 < / both hold. 

We now derive asymptotic estimates for certain bases of kcr£^ for 
real /i following a diagonalization procedure in [C] . We note that for 
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each I Pi{ij^,t) can be written in the form 

^ dt ' ^ '^^ 'dp 

j=0 

for qij{t) = dij + qij{t) where the dij are complex constants (vanish- 
ing for j > I) and qij{t) = X)o<2m<n-i 1^ ^^"^^ complex con- 
stants eij^rn (see equation (2.4) of [C]); in fact, d^.n-i = ~'^Sj=o7j- 
By way of rearrangement, we write jCfj_ — 

1=0 ^ 1=0 j=0 

n n-j n n-j ^ 

j=0 1=0 j=0 1=0 ^ 

= ^r-^g,(i,A.)— 

j=0 

for Qj{t, jj) = qn,j{t) + Ym=i {^^"'-idi^) vacuous sum is taken to 
be zero). Therefore, 

Qj{t, ii) = dnj + + (^en,j,i + ^ + /^) 

where ej{t, ii) may be expressed as a linear combination with complex 
coefficients of monomials of the form for integers a > and 
3 < 6 < Z. We note that, for t restricted to any compact subset of M, 
Qj{t,ii) converges to qj(t,fi) uniformly as ^ oo. 

Let us formulate the differential equation C^y = in terms of 
an equivalent matrix equation in that C^f = if and only if u' = 
Au where u is the column vector (/, /',..., /*^"~^•*)^ with f denoting 
transpose, and where A — 

/ 1 

1 

\-t^Qo{t,ii) -r-iQi(i,//) -r-2g2(i,//) 
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-tQn-l{t,IJ,)/ 



We now seek to diagonalize A modulo appropriate error terms. We 
single out the lower-order terms of A as we define its principal part 
Ao by 



A, 



We also define 



/ 





1 



n— 1 , 



^0 = 



/ 1 

-fit 



1 

(72^)^ 




1 



1 

73^ 
(73^)' 



n—l 



\ 





-tdn-lj 



1 \ 



and 



Ao 



/-fit . . . \ 
... 

Vo ... 7„ty 



We note that 5*0 diagonalizes Aq in that AqSq = SqAq. We consider 
higher-order terms (in t) by setting (formally) A — Aq + Si + S2 + 
for 



/ 



(2.1) 



Si 



def 



















dcf 



/ 



\bir 
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\ 





def 



























-2 
, bj 



(efe — for k > n — 2). Here the non- vanishing coefficients are given 



coefficients an 
and Ej {t, fi) as above for 



by ttj — 
l<j<n. 

Regarding 5*0 = So{t) as a matrix- valued function of t, it is not 
difficult to show 

det^oW =^'^det,So(l). 

Since 5'o(l) is a VanderMonde Matrix, So{t) is invertible for alH 7^ : 
Indeed, 



We define S ^ So{I + A + A) where A 



def 1 



a 



i,j)i<i,j<n and A 



def 



^i^i,j)i<i,j<n for complex constants aij and 5jj to be determined: 
We set the diagonal elements Ujj — Sjj — 0. Formally, we write 



-lo- 1 



S-^ = {I + A + A)-^S, 



= I 
= I 



{A + A){I + A + A)-' 

+ A) + + A)2(7 + A + A)-i 

To appraise the error terms in the diagonalization S~^AS we intro- 
duce the notation A = 0{t^), meaning that all entries of the matrix 
A are majorized by uniformly for all sufficiently large t and /x. Let 

us define Vi =^ Sq^SiSq for i = 1, 2, 3. Since SiSq — 

/ ... \ 



... 

we see that [I^ijij, the i, jth element of Vi, is given by 

n n 

(2.2) [V,Ij = [So\t)],,n J2 «^7^'^"-' = [So\i)]i,n E «'^7^' 



k=l 



k=l 



so that Vi — 0{1) is constant with respect to t; in fact, X>i — > 0"^" 
as // — )• oo. 

Likewise, S2S0 — 

/ ... \ 

... 

and 

n ^ n 

k=l k=l 

SO that r»2 = 0{t-^). It follows similarly that V3 = 0{r'^). 
We proceed with diagonalization of A as we compute 

S-^AS 

=[/ - + A) + {A^ + >1A + + A2)(/ + ^ + A)-i]5o-i 

o(Ao + £:i + + <s:3)-So[/ + ^ + A] 

=[/ - + A) + {A^ + ^A + A^ + A^) (7 + ^ + A)-^] 

(2.3) o(Ao + Pi + P2 + ^3)[i' + ^ + A] 

Given fixed ctj and (5j .,, the matrix / + .4 + A is invertible for all 
sufficiently large t for (say) /i > 1 and (/ + ^ + A)~^ =0(1). Upon 
multiplying out (2.3) and collecting terms up to 0(t~^), one obtains 

(2.4) S-^AS =Ao 

(2.5) +Pi-[AAo] 

(2.6) +P2 - [A, Pi] + A[A, Ao] - [A, Aq] 
+0(r2) 

The elements of (2.4) arc known from above; each summand in 
(2.5) is 0(1), indeed constant w.r.t. t; and, each summand in (2.6) 
is 0{t~^) and, more precisely, is a product of | times a matrix that 
is constant with respect to t. 

We make the substitution v = S~^u so that the differential equa- 
tion becomes v' — Bv for B — S~^AS — S~^S'. We first estimate 
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S ^S' according to 

S-^S' = ^o'^-^o -{I + A + Ay\A + A)S^'S'o 
+S-^S'A + S-^S'qA + S-'So{A' + A'). 

To estimate S~^S' modulo terms of order 0(t~^), we find that it 
suffices to estimate 5*0" ^5*0 : We have 

/ ... \ 

, _ 7l 72 ■ ■ ■ 7n 

~ : : : ' 

\(n-l)7rV-2 (n-l)7r^r-2 ... (n - l)7;j-ir-V 

so, the i, jth element of Sq^Sq is given by 

n 
k=l 

= ^E['5o-'(l)W^-l)7r 

k=l 

and So^S'o = 0{r^). Now, 

S-^S'o^{I + A + A)-^So^S'o 

^iI-iA + A){I + A + A)-')So^S'o 
= S^'S'o -{A+A){I + A + A)-'Sq^S'o. 

It is now clear that S~^S' — Sq^S'q = O(^). Therefore, 

S-^AS - S-^S' = 

(2.7) Ao 

(2.8) +V,-[A,Ao] 

(2.9) +©2 + [Di, A] + A[A, Ao] - ^o'^-^o - [A, Aq] 
+0(r'). 

Since the roots 7^- are distinct we may define the elements of A 
uniquely by setting its diagonal elements 6jj to zero and by setting 

[A, Ao] = Vi off the diagonal. 
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We then set 

[A, Ao] = P2 + [Di,A] + A[A, Ao] + ^o'^-^o off the diagonal 

and set the diagonal elements ajj to zero to define the matrix A. We 
now set Vj 

(2.10) p,, = m,, 

and 

^ [V, + [Pi, A] + A[A, Ao] - S^'S',],,. 

We note that the ^j's are complex constants depending only on P„ 
and Pn-i, specifically on the coefficients dn-i,k and the roots 7^. 
Clearly, — )■ as — 00 and, moreover, p^j — >■ as — >■ 00 Vj 
where the limits pj depend only on P„ 
We now have S = A + 7?- for 



/7i^ + + ^ ... \ 



^def 



V ... 7„t + ^^^„ + ^/ 

where the matrix TZ satisfies TZ — 0{t~'^). We now define 

(2.11) /i) = 7,- + /3^,,t + p^,, In 

Since the coefficients and p^j depend only on p and have definite 
limits as p ^ +00, we may rearrange the rows of B, if necessary, to 
suppose that 3po,ti > so that Re$j(t, p)— Re$j+i(t, p) > for 
t > ti and p > po. 

For i> as above, we define w = e~*^w : So, w satisfies 

= -$;e-*l^; + e-*l(A + 7^) 

(2.12) = (-$;/ + A)w + 7^^/; 

= Aw + TZw 

where A is a diagonal matrix with elements 

(2-13) [A],-,- = -(71 - 7,-)t - - - {p,,i - p,,j)\. 
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< 1. 



We now determine estimates for w for sufficiently large positive t, 
estimates for negative t will be similar. Choose t > ti so large that 
the estimates of A hold and that 

(2.14) Re($i(i,//)-$,(i,//)) >0 

Vt > and V/i > //q for j > 1. 

We choose w{t;y) to be the unique solution such that w{y;y) — 
(0, . . . , 0, ly for y > xi. It follows as in [C] that 

^^\w{t,y)\'>-2\n{t)\\w{t,y)\' 

for t > ti so that 

(2.15) \wit;y)\ < exp(^' 2|7^(s)| ds) ■ \wiy;y)\ 

uniformly for t,y > Xi and for /x > /xq- Further, we then bootstrap 
as we apply (2.15) to obtain more accurate estimates for Wj{t, y). For 
j <n 

(2.16) w'^{t- y) = ($;.(t, u) - $;(t, u))w,{t- y) + 0(|7^(^) | \w{t- y)\) 
so that 

ki(^)l ^ I exp($i(i, //) - $, (i, /x) - ($i(s, /x) - $, (s, //))) I |7e(s)|cis 

Since the assignment t — )■ 3?($i(t, jS) — ^j{t, jS)) is an increasing func- 
tion for // > 0, we have 

\w,{t,lA\< j'\ns)\ds<\ 

uniformly in t and //. Also, from (2.15) and (2.16) we have 

\w:{t-y)\<\nm^{t:y)\ 

so that 

\wr,{t,y)-l\< j'\n{s)\ds<-^ 

We now address the convergence of the function w{-.y), as y — >■ 
oo. For Xi < t < yi < y2 the function w{t; yi) — w{t; ^2) is a solution 
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of equation (2.12); and, hence, (2.15) and (2.16) hold for w{t;y) 
replaced by w{t; yi) — w{t; ^2) so that 



\w{t;yi) -w{t;y2)\ 



< 



yi 



\n{s)\ds ■ \w{yi;yi) - w{yi;y2) 



n— 1 



<|wn(2/i;y2) - 1| + 2/2)1 < — 

uniformly in t, yi and 1/2. So, w{t; y) converges uniformly on compact 
subsets of [ii, 00) as y — >■ 00 to a function w{t) which satisfies 



(^)-i| + EK(^)I<7 



and satisfies limt_^oo w{t) — (0, . . . , 0, 1)^ We have shown that for 

<E>i 

V = e^w, 
(2.17) 

Ht)\<\eH l^n(t)-e*^|<|e*^|t-^ |t;,(t)| < |e*^|t-^ for j < n : 

These estimates hold for all t >to and n > Hq. 

Prom u — Sv we obtain a solution to = from the component 

^i(t, yu) =^ ui with Uj = JIjt^-^i for I < j < n. Moreover, 

u =Sv 
^So{I + A + A)v 



—e 



[^0 





VI/ 



+ o(-)]. 



We therefore have V j < n — 1 that 

^Vi(^,/^) = (7i^re*^(*''')(l + o(l)) 

as i — > 00 where constants implicit in the estimates hold uniformly 
for /J, > Ho- Moreover, it follows from the construction that ipi is 
of class C°°(]R) as a function of t ior t > to and holomorphic as a 
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function of ji Ioy jj, > jiQ. Then, -01 extends to a function C°°(R) in t 
and holomorphic in 

The above procedure may be carried out inductively and does not 
involve much alteration of the cited work. Hence, we defer the re- 
mainder of the proof of the following result to the Appendix: 

Proposition 2.18. There are bases {i'ki^-' l-'^)}k=i of^erCn of func- 
tions, C°°(IR) as functions oft and holomorphic as functions of /i on 
Re II > 0, which for each 1 < k < n and < j satisfy 

(2.19) ^^?(t,/i)<(l + |t|ye*^(*''^^ 

for ±^ > (resp.) for 's as in (2.11). 

For ease of reference, we end this section with the following remark 
which follows by inspection from equations (2.2) and (2.10): 

Remark 2.20. The transformation P{i^,t) — ?■ P{i-^,—t) leads to 
the transformations ■jj —■jj and dn-i,k ~^ {~^)^~''dn-i,k- 

3. Further estimates: Analytic extensions, Wronskians 

AND Adjoints 

We start with the more novel techniques beyond those of [Wl, W2, 
W3]. In those articles, as in this one, singularities in the parametri- 
ces are a concern as the Fourier parameter rj tends to 0. However, 
in the previous articles the singularities were canceled by solving 
Pn{i-j^,t)f — g for functions g with zeros of appropriate order so as 
to cancel such singularities in /. Here, we cannot avoid the singular- 
ity of £^ at /i = by such procedures; but, we can bypass it as we 
pass the parameter /j, to the complex plain. 

We now form estimates of bases of ker£^ but now with complex- 
valued t, fi. We note that the solutions can be analytically continued 
[CL] and, as we shall show, the estimates as in Proposition 2.18 hold 
if (2.14) holds, perhaps for some reordering of the characteristic roots 
7j . Such estimates turn out to hold for t contained in certain complex 
sets of the form ]C-\- S where /C is compact and S is conic. 

Proposition 3.1. Let ^ be a simply connected, compact subset of 
C which is a positive distance from the origin. For any given a e 
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[0, 7r/2] there is a compact set /C C C where the operator kerC^ has 
bases /i)}"^]^ for which estimates as in (2.19) hold for fi E fl 

and t on a complex set of the form 

(3.2) il^ = {^0 + se-^^l ± s > 0,vi < e - a < V2, zo e ]C} (resp.). 

We note that the choice of K, may require that Re ^oe~'" and Im 
^oe~*" are sufficiently large and positive; and, our choices of Vi^V2 
may depend only on a. Furthermore, we may adjust the domains 
to obtain /C, fi, Vi and V2 common to each a and ± sign. 

Proof. We will first prove the case for a = 0. Let us (re) arrange the 
characteristic roots so that the following hold for each pair of indices 
{j,l):l<j<l<n: 

1) Re(7, - 70 > 0, 

2) Re(7, - 7i) - =^ Im(7,- - 7z) > 

Then set A^^; =^ 7^- — 7^, Pj^i =^ Pj — f3i, and pj^i =^ pj — pi defined as 
in Proposition 2.19, but with 7j's in the present arrangement. 
We now set 

<l>j,i{z, p) = ^j,iz^/2 + (3j,iz/p + pj,i/z 
and compute Re$jy(2;o + se~*^, p) ~ 

— (ReAj- / cos(2e) + ImA^y sin(2e)) 

+ s(cos ^Re(^oAj,; + ^) + sin ^Im(^oAj- , + ^)) 

+ Re(z^A,- , + z^^j^ilp) + Re(p,y/(zo + se"^^)) 

We estimate w{z) defined as in Proposition 2.19 but extended to 
complex domains: There are positive ^1, ^2, so that 

-^j,i{zQ + se-'% + $jy(zo + soe"'^) < -Cas + Cg 

for some positive constants C, Ci, C2 uniformly for —Qx < < 62 and 
s > So- Likewise to (2.12) we find that the function w satisfies 

\w{zq + se-'^) \ < Ce\w{zQ + se-"^)\ 

for some constant Ce (depending on 9) for each such 9. It now follows 
from an application of the Phragmen-Lindelof Theorem (cf. Section 
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5.5 [CL]) that, for a possibly smaller region — < Vi < 9 < V2 < O2, 
w{z) is bounded. The various induction arguments as in Proposition 
2.18 then follow to complete the proof in this case. 

For a 7^ we set ^ = te~*" and apply the above arguments to 

1=0 ^ 

We replace the characteristic roots by 7^= 7^6^*" Vj and rearrange 
them so that Re(7j — 7^), Ini(7j — 7;) > again for indices 1 < j < 
l<n. □ 

Using the variation of constants formula to form solutions to C^f = 
g [CL], we need to analyze certain Wronskians and related determi- 
nants: Given a basis ip of ker£^ we set W{(f))(t, fj,) = detA with the 

-jfc — 1 

nxn matrix A given by [A]kj = ^^k-i <Pj and Wi{t, n) defined hkewise 
but with the Z-th column of A replaced by (0, . . . , 0, 1)^ We will apply 
superscript ± to the WiS and to W to indicate their corresponding 
basis pairs ip^; or, we may simply drop the superscript when the 
basis is clearly implied. 

Proposition 3.3. Suppose ip is a basis of as in Proposition 2.18 
defined for (t,fj,) in M"*^ x (/xo,oo). Then, for some real constant a, 

the functions =^ /W^ satisfy 

^hf{t,f,) < e-^<'^-'^\l + \t\r+>' (resp.). 

Moreover, such estimates likewise hold for bases as in Proposition 3.1 
on their associated domains (3.2). 

Proof. We will first prove the estimates for hj = hj', temporarily 
dropping the superscript. In the case with domain M"*" x {/iq, 00) we 
note that for any sequence ni : I = 1,2,..., tending to +00 there 
is a subsequence (say fj,i) so that each function fj,i) converges 

uniformly on compact sets of IR (ucs) to functions J^O(^) respectively 

— * — * 

for each < k < n and where C is a bases for kerPn{idt.t). Here C 
satisfies W{() — Ce'''*^/^ for some constant C (cf. [Wl, C]) where 
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7 = J2^=i Ij- Therefore, using Abel's formula along with the above 
estimate, W{ip){t, jj) x eT^Vs+inVM for sufficiently large Hq and for a„ 
as in (2.1). 

Wj{il)) is a finite linear combination of (n — l)-fold products of the 
form Ui-^jd^'ipi for distinct / : 1 < / < n and distinct ai : < ai < n. 
Since ^ = tiVi = tiSi = an wc find 

for some constant a > 0. From [Wl] we recall that the functions hj 
form a basis for £* and, arguing by matching asymptotics, the result 
of the proposition holds Wk in the present case. 

The proof for the /ij's follows in exactly the same way as above, 
using the corresponding estimates on M~x (/io, oo) for some large 
Ho > 0. Finally, the proof for bases defined as in Proposition 3.1 
follows similarly, in fact more readily since is restricted to compact 
subset of C, and we are done. □ 

4. Parametrices 

We start this section with more definitions and notation. We will 
order the bases functions ifjf G ker (resp.) according their as- 
ymptotic growth as indicated by the pairs (7j,/3^j)- Define $^ : 
j = 1, . . . , n as an ordering of the $j's as in (2.11), so that the fol- 
lowing holds V 1 < J < n: Re7j > Re7j+i; Rc7j = Rc7j_|_i =^ 
Re^j ^ RePj+i (resp.) for all sufficiently large Such ordered bases 

will be denoted in vector form as 'if =^ (^i, ^2, • • • , "^n)^ with obvious 
superscript convention. Finally, since we will not always keep precise 
track of power-function factors in our estimates, we introduce the 
notation ^p^i^ i'^poix) when the estimate < (resp. x) holds modulo 
factors of polynomial growth in x : that is, the implied constants 
C are each replaced by C(l -I- |x|)'' for some sufficiently large, fixed 
r > 0. 

We will be using various basis transformations for our kernel spaces, 
but for large > we restrict our bases to those of a certain class de- 
veloped from canonical bases as in (2.19). We will call a collection of 
bases {ip'j{t,ii)}^^i , {(pj{t, admissible (or an admissible pair) 
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if they satisfy = U^ip^ (resp.) with nxn matrices satisfying 
the following: U = U{fi) has entries on (/io, oo); [U]j^k ^ Vj, k 
for some fixed a > 0; [U]j^k = for j < k (upper-triangular); and, 
[U]jj > Vj for some fixed 6 > 0. In this case, it is easy to show 

d^<pf{t)>^,oi,e''f{l + m: 

t (resp.) for all sufficiently large // > 0. We further denote by 
J± the least index whereby j > J±. implies that either Re7j < or 
Re'jj = and ^ for (resp.). We simply distinguish 

the basis functions in decreasing order according to their exponential 
growth for large t in their respective domains. We note that for a 

given admissible pair the associated functions Tif =^ Wj{$^)/W{(p^) 
satisfy 

on the corresponding domains. 

To characterize the global behavior of our bases we introduce def- 
initions regarding transition matrices associated with admissible 0^. 
Given a permutation cr of {1, 2, • • • ,n}, denote by I„ the nxn matrix 
with elements defined by [Ia]j,k — ^j,a{j), with 5 denoting the Kroniker 
delta function. We characterize transition (scattering) matrices 0+ 

— * 

= A(i)^ as follows: Given an n x n matrix. A, the expression A f-)- Jo- 
will mean that A = UI^V for some invertible, upper-triangular nxn 
matrices U and V. And, with slight abuse of notation A B will 
mean that A 1^ and B -h^ both hold. We note that "-H-" is 
an equivalence relation on GL(n,C). Given as above, we will say 
that the permutation a is resolving if <T{j) > Vj < J^. 

We will say the operator is regular if on a real interval (/xq, c>o) 
there is some admissible pair of bases 0^ and smooth functions a^iin) 
< fjL^ on (//o, oo) so that Vj < 

'^?(^'/^) = Yl ^IM'Pfi^^l^) {resp.) 
i>j^ 

for some fixed r > 0. 

We now proceed with steps of constructing a parametrix under 
the hypothesis of Lemma 1.5 where we need only to consider the 
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parameter in a (perhaps large) compact complex neighborhood of 

0: More precisely, we will suppose ji G {re^^/2|0 < < tt} for some 
fixed r > 0. Let us restrict real ^ so that x is bounded, say \x\ < M, 
and C > 0; and, fix < a < vr and A > as we set 

(4.1) t{x, e, i^) = xi2 + (pe'«/2 + ^)/^; zo = xi^ + Ae*"/V/^- 

Given a there is a positive 5 and a sufficiently large i? so that zq and 
t take values in sets IC and it^^2 (3-2), respectively, with (say) 

5 — vi = V2 and, hence, the estimates of Proposition 3.1 hold for 
some basis of ker£^ for such values of t, /i and Zq. 

We set out to choose a finite collection of such bases as follows: We 
apply the Heine-Borel theorem to choose finitely many such intervals 
Ui = {9 : \9 — ai\ < 6i} : I = 1, . . . , N (say) with small positive 
5;'s to form a refined open cover of [0,7r/2]. To each / we may find 
corresponding constants A/'s so large that the associated zq, t of (4.1) 
lie in the respective domains of those bases in Proposition 3.1. 

For each given let us reorder the corresponding pairs (7;^-, /3; ) 

associated with bases ijj^ in the fashion as the ijj^ in Proposition 
3.1; and, let us hkewise define the indices J^. Then for bounded g 

e C°°(]R) set zi =^ A/e~*"', izi == ^ + and regard t = t{x,iznlj) as 
in (4.1). Then we define for =^ if^j-i 

n „ 

(4.2) F±(i, /.) 'J:' Yl ^) / . '^lAOgiC/pi - iJi^')dC 

j=l -^C±(t,M) 

with respective contours Cf^j given by Cf^j{t, fi) = {sfi + fj,\0 < s < 

X, ±^ > 0} if j > Jj^ and C^jit, fx) = {sii + ^zj < s < 00, ±^ > 0} 

if j < Jj^. Note that the contours are chosen so that C/a*"^^;//^^ give 
only real values. 

For each I and choice of ± sign we have solutions to C^f = g{x) 
for {t,ii) on the corresponding domains. Since < 1 Vj, we find 
that for any given k there is an a > so that, on their domains, 

d'.Ft<ii+\t{x,L„f^)\r<ii+\c\r 

is satisfied for < k and V/. The proof follows the analysis in 
[Wl] and details are deferred to the Appendix (see Proposition 8.1 
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and the comments that follow). Define the -F^'^'s to be zero outside 
their corresponding domains and now let xK^) i^'^^ ^ ~ ^^S/^) be a 
partition of unity subordinate to the Vlj^^s and let q be quantities 
that are constant with respect to x, fi and ^. We then set 
(4.3) 

m 

1=1 

where G is the unit (Heavisidc) step function to create a smooth 
function for x e [-M, M], ^ G M, /x G {re'^\0 <9 < n/2}. 

We have not shown Cn to have regular parametrices for complex 
^, as per Definition 1.4, but wc can establish partial construction of 
solutions to Lu = f with, as yet, no additional conditions. We state 

Proposition 4.4. Given g G C°°{I) for a neighborhood o/O 9 X C M, 
there is a function f{x, y, w, ^, 9) G C°°(X x x [0, 7r/2]) satisfying 



P{X, Y)f = g{x)e-'^^^^'"^'^ Yl Xi{0)e-'^'^ 

1=1 

with II — Ae'^ for fixed A > 0. 

Proof. We employ (4.3) setting c; = e~*^'^ for each I and we set / = 
{i/ nYe'^^y^^'^'^ ^Q. We note that, on the respective domains U^, the 
F^'^'s as in (4.2) now satisfy 

L(^^-i{y^Wv)p) = ^-i{y{C+zi)+w^^)p^Q^^ ^^^^ /i2^))F 
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So, we obtain our desired result as we compute 



m 



1=1 



m 



i=\ 



m 



1=1 



□ 



We now present the 
Proof of Lemma 1.^: We replace g[x) by functions g{x,C,,i]) for g 
G Co(M^), involving the other Fourier variable t] as we substitute 



defines a function in C°°(]R)x 5(]R)x iS((;Ug, oo)): By linearity of the 
operator we have that for any r > and index m, 



9'-^ <kr"/'(i + iv^ir(i + lei + +\x\vw\ + \c/v\r 

for \x\ < M, \r)\ > i^l ^ eR^k <m. So V a > 0, d^T < (1 + |^| + 

Iryl)"" by setting r > « + a + m/2. 



Letting (f)i{6) denote the characteristic function of the associated 
set Ui, we replace g in Proposition 4.4 by Yll=i 4'i{Q)g{x-i C + ^A*^) 
to redefine (resp.) and set A = ^q. Likewise, the various partial 
derivatives d^f{x, y, w, ^, 9) are each majorized by (1 + |^|)~"* for any 
s > 0. We apply L to F — fi + f2 where 




r]\ into (4.1). First we show that for F as in Definition 1.4 



j^{x,c,v)''^ m^,c,vw\),vw\) 
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where C = fi and C is the complex contour given by boundary of the 
upper half of the disc centered at of radius //q. By the analyticity 
and integrability of g in the variable ^ we may apply Cauchy's integral 
theorem to obtain 

for (argC)/2 G suppx;. We now apply the Fubini-Tonelli theorem 
along with Cauchy's integral theorem in the variable ( to obtain 

^TT ./» Jr 



1 f f^o 
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LF^l- [ e-'^y^+^''^g{x,C,v)dvd^= mx,y,w) = g{x,y,w) 

□ 

We are now prepared to state a main result from which we may 
determine solvability through the representations for large /x : 

Theorem 4.5. The operator L as in (1.1) is locally solvable if both 
are regular. 

Proof. Since our proof repeats content of previous works, we will give 
a sketch of proof and defer details to these works. We will show that 
an operator £^ has a regular parametrix if it is regular: 

j+ J- 

(4.6) F{t, //) = J] ai{^)^'l{t, ^) + Y. «'(/^)<^r(^> IJ) + K{t, fi) 
1=1 1=1 
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where K{t,jji) — 

1=0 /=o 

(cf. (12) and (13) of [W3]). We set af(/x) = Jl^Uf{T, ^x)g{T)dT 
(resp.) so that we can write 

j+ t J- 

F{t,ij) = ^(t)i{t,ij) / ni{T,fi)g{T)dT + ^ai{ix)ip^{t,fx) 
1=1 "'+°° 1=1 

J- .t J+ 

F{t,fJ>) ^^Mt^fJ') / ^i{T,fJ')9{T)dT + ^ai{fj,)ipl{t,fj,) 
1=1 1=1 

The estimates on K and its derivatives f^kK foUows as in Section 
1 of [Wl], applying the Chain Rule along with integral estimates as 
in Proposition 8.1, to obtain ^F{t, n) ^poi{t,iJ,) 1 on R x (/lo, oo) for 
each k. □ 



5. Solvability 

We see that when Re'jj = the corresponding bases function 
ipj{t,iJ,), for finite may have asymptotic growth far different than 
that of a corresponding limit Cj{t). For instance, a limit function Q 
(say) may have polynomial growth where every sequence : 
/ oo tending to it may have exponential growth or decay in the 
variable t. We distinguish a particular subclass of operators where 
this discrepancy does not take place. We introduce 

Definition 5.1. We will say that the polynomial P has property Q 
if Pn is generic and the 7j, /3j : 1 < j < n associated with P satisfy 

Re^j = ^ Repj = 0. 

We note that this property depends only on the coefficients of P„ 
and Pn-i- We are ready to state 

Theorem 5.2. Suppose that L — P(X,Y) where P has property Q. 
Then, the operator L is locally solvable if ker{C^*[\ »S(1R) contains 
only the zero function for each choice of ± sign. 
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Proof. We will show that an operator £^ is regularizable when 

satisfies the hypothesis. Here, J"*" — J~ J and our result follows 
as in proof of Corollary 4.3 of [W3] since the associated transition 
matrix A has real analytic coefficients and tends to a finite limit 
as /i — )■ oo. We deduce that there is an admissible pair of bases 
0^ for which 0^ = A^/j^^^ (resp.) for square matrices A''^ and Jo- 
satisfying the following for each choice of ± sign and sufficiently large 
H > 0: A is lower triangular with ones on the main diagonal where 
A(/i) — J- / as /i — > cxd; and, [I] j,k = ^j.u{j) where 5 is the Kroniker 
delta function and a is a resolving permutation. By carrying out the 
matrix multiplication we find that is regularizable. 

Since both are regularizable, the proof is complete by applying 
Theorem 4.5. □ 

From [Wl] the hypotheses on £^ are equivalent to the local solv- 
ability of Pn{X^ y), whereby we immediately conclude the following: 

Corollary 5.3. Suppose that L = P{X, Y) is locally solvable where 
P is a generic polynomial of order n > 2. Then, the operator L+K is 
locally solvable for any K contained in the subalgebra of l)f generated 
by X and Y of order less than or equal to n — 2. 

Corollary 5.4. Let L and K be as in Corollary 5.3 except that the 
characteristic roots of P each have non-zero real parts. Then the 
operator L + K is locally solvable for any such K of order less than 
or equal to n — 1. 

We demonstrate that regularity is not a precise condition for local 
solvability of our operators as an even weaker condition on still 
assures solvabihty. We introduce 

Definition 5.5. An operator Cn will be called quasi-regular if there 
is a finite, refined open cover X/ : Z = 1, 2, . . . , m of a semi-infinite 

— * I 

interval [//q, oo) along with admissible pairs 0^ , with components 

(l)f.i (resp.) that satisfy estimates as in (4.5) but with /i 
restricted to X;. 

We note that the X^'s can each be assigned a unique resolving 
permutation ai associated with the transition matrix Ai defined on 
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Xi. We note further that it is trivial to show that a regularizable 
operator is also quasi- regular. We will see (in Section 6) that for a 
large subclass of our operators the aforementioned condition is exact. 

Theorem 5.6. An operator L = P{X,Y) is locally solvable if the 
operators are both quasi-regular. 

Proof. Via a change of variables, if necessary, it will suffice to show 

that an operator £^ has a regular parametrix if it is quasi- regular. 
We can construct functions Fi(t,fi) as in (4.6) but with F restricted 
to M X X;. Then for a smooth partition of unity gi{fj^) subordinate to 

the associated X/ : Z = 1, . . . , m we set J^{t, jj) =^ Y^JLi 9i{l^)Fi{t-, lA- 
Local solvabihty of L then follows as in the proof of Theorem 4.5 and 
the cited references therein. □ 



6. Non-solvability 

We will develop criteria for local non-solvability of L in terms of 
representations - particularly through the adjoints of We 
first need to verify that our approach to solving (1.2) has an ana- 
logue as applied to adjoints of our partial differential operators. For 
constructing functions in kerL* the method is clear via 

Proposition 6.1. Under A^, the operator L* has representations 
given by A±(L*) = (i^)"(/:±)* (resp.). 

Proof. We will drop ± the superscript. It is not difficult to show that 
the conclusion of our proposition holds for operators homogenous 
in X and Y (cf. Proposition 2.3 [Wl]) so that A^{Pi{X,Y)*) = 
{A^{Pi{X, Y)))* yi. It follows that A^(L*) = (A^(L))* and our result 
is immediate. □ 

Our next result follows as in Section 2 [Wl] and, hence, we provide 
here only a sketch of proof of the following 

Theorem 6.2. Suppose that 3t/j e kerC*^ such that • X G S(U. x 

X)\{0} forx £ C^(X) where X is a bounded open subinterval ofMf^. 
Then, the associated operator L is not locally solvable. 
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Proof. We suppose (perhaps after a change of variables) that X — 
(1,2). It follows as in Proposition 2.4 [Wl] that there is a non-trivial 
function ^ e kerL* (S(M^) with = given by: 

^{x, 6, 6) = ^'(^(a;, 6, A*), A*)^(6, A*), 

where F e Co(M^) and suppF(6,Ai) ^ |6| < 1 & 6 > 1}- 

We set Vr ^= (f){x)'if{TX,Ty,T'^w) and F^- =^ (f){x / t, y /t, w /t"^)"^ (x) 
for some G Co(ffi^) such that = 1 on a neighborhood of the origin. 
These functions are constructed likewise to Propositions 2.5 and 2.7 
of [Wl], so that in the Sobolev norm Vr satisfies | < for 
all T > 1 for any fixed v and positive a. 

To complete our result, it suffices to show that for any integer > 

there are constants Ci,C2 > so that | Iti^-I |(_jv) > Cit^^^^ and 

1 |(-iv-3) < C2T^^~'^, thereby showing that for sufficiently large 
T > 1 Hormander's criteria from Lemma 26.4.5 [Ho2] is violated (see 
also (2.19) [Wl]). The desired estimates follow in the same manner as 
(2.13) through (2.18) [Wl], considering Remark 8.2 (Appendix). □ 

We apply the above results to develop a priori criteria for non- 
solvability. Given (distinct) characteristic roots {7^}"^^ and asso- 
ciated /3j as in (2.10), let us denote = {j\ ± Re'jj > 0}, and 

'= {j|Re7j = & ± Re(3j > 0} (resp.). We state our result in 
terms of the cardinality (card) of these sets: 

Theorem 6.3. L — P{X, Y) is not locally solvable if either of the 
following holds: 

1) card{B+]J£+) + card{B+\J£-) > n; or, 

2) card{B-[j£+) + card{B-\J£-) > n. 

Proof. By choosing the appropriate representation, we may suppose 
that case 1) holds: By Remark 2.20 along with (2.2) we see that 

IJ S~ is the same under each such representation. We note further 
that 0(t) e kei P{idt, fit)* (p{-t) e kerP^-idt, -t)* where the 

associated parameters 7^, (3j transform as {jjjPj) fo^' 
each j. 

By dimensional arguments it follows that for any admissible pair of 
bases of ker£^ the associated transition matrix A satisfies A ■k^ 
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for a non-resolving a for on a non-empty open interval. Then there 

— * — # _* 

is a pair of bases ^f" of ker>C* given by f)~ = {A~^y\)^ (admissible 
after reordering hj -> h^+i-j Vj) where {A^^Y •<-)■ I^j. It follows as in 
Corollary 4.3 [W3] that 31 e B+ \J £+ so that 

(6.4) f)r(-,/.)= ^a,(/.)f);(-,/.)^^^V^(-,/.) 

j<j+ 

where the real analytic functions, not all trivial. By Proposi- 

tion 2.18 and analyticity arguments on the a/s, there is a bounded, 
non-empty interval I C so that \/k ■^ip{t,ii) < e"''*'*' holds on 
RxX for some 5^ > 0. The result now follows by applying Proposition 
6.2. □ 

Proof of Theorem 1.8: Let /i > be the accumulation point. By 

analyticity of transition matrices A[ii) we find that A la^ for all 
G X containing fi for some fixed, non-resolving a. It then follows 
that a function ■?/'(■, /x) can be constructed as done in (6.4). □ 

Proposition 6.5. If is not quasi-regular, then there is a sequence 
fXi : I = 1,2, .. . with fii — ?> +oo and functions Yf^it, ^) ><poin hj{t, /x) 
for hf 's as in Proposition 3.3 for which the following hold: 3k < J~ 
and coefficients so that 

n 

m = Y-{t, /.,) = Yl ^AW^t. i^i) 

i=i 

where Vj < Cfif for some fixed C,a > and where for any 

B > we find aj{l) < Cb/J'Y^ is satisfied for some constant Cb > 
for each j > . Moreover, the Ti 's may be chosen so as to converge 
(ucs) to a non-trivial function in ker C*^. 

The proof follows as that of Proposition 3.2 [W3] and further elab- 
oration is deferred to the Appendix (see Remark 8.3). 

Theorem 6.6. Suppose that for an operator L — P{X, Y) one of 
operators (say C) is not quasi-regular. Then L is not locally 
solvable if either of the following additional conditions hold: 

1) P has property Q; 

26 



2) Functions Ti G kerC*^^ as in Proposition 6.5 can he chosen 
to satisfy J-i{t) ^poi t for some b > with implied bounds 
uniform in I. 

Proof. We may, perhaps after a change of variables, suppose that it 
is the operator = that is not piecewise regularizable. We will 
show in this case that necessary criteria, in the form of an inequality 
involving L*, will be violated. From [Ho2] we find that if L is locally 
solvable near 0, then the following holds: Ve > 0, 3N > such that 

(6.7) I J #1 < A^||0||c^||L**||civ 

for every 0, ^ G C°°(]R^) supported in \(x,y,w)\ < e. 

We begin our construction of functions 0;, \E'/ : / = 1,2,... which 
for any given N violates this inequality for sufficiently large /. Under 
our hypothesis we conclude from Proposition 6.5 that there is an 
increasing sequence 1 < /x; — )■ +oo and non-trivial functions Ti G 
ker£*^ V/ satisfying the following: There are real constants Mi < M2 
and a positive 5 > so that J^i{t) > 1 V/ on the interval {Mi — 6, M2 + 
S); and, for any given k there is an exponent a > so that for some 
constants r,s > 

(6.8) ^J^iit) < (1 + |i|)«(£(Oe^«W + e-^«W) 

where Q{t) =^ t"^ and where, for any a > 0, C(Z) < holds uni- 
formly V/. Letting Ui =^ ^/\nJ^l, we choose a non- negative h E C^(M^) 
supported in |a;| < A2, lylfcl-u;! < e/2 so that h{x) = 1 on |a;| < Ai, 
< e/3; here, 1 < Ai < A2 are constants yet to be deter- 

def 

mined. We set hi{x) = h{xiJ,i/i'i,y,w) (noting that Hi/i'i tends to 
00 as I tends to 00). Finally, we choose a non-negative x ^ ^o°(^) 
supported in (Mi, M2) so that J^xi^)ds — 1. 
We now introduce functions 

^i{x)^='hi{x) [ e-^^^>'^^y^i^i\{i/i^i)J^i{xi^i + i/i^i)di''^hi{x) 
Jr 
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We see that fi{x) = e-'^''>+^'^''y\{u)J^l{xfil + u)du e C°°{M.^). 



Choose a non- negative e Co°(IR) supported in |x| < e/2 so that 

= 1 on \x\ < e/3 and set 0; =^ (l){x,yiJ,i,wiJ,f). 
Wc now compute an upper bound of the RHS of (6.7), first by 
estimating the norms of L*^;. We compute L*'$i = Vif] where Vi 

=^ [L* , hi] is a partial differential operator of order n supported in 



By the Leibniz Rule we may write Vi — Yl^a\=i'^oi;i{^)dg where the 

coefficients satisfy aa;i ^ Ai" ''^' uniformly on Ui. The operator dgVi, 
of order n+ \f3\, behaves likewise, but Va the coefficient multiplying 

dg is dominated by /u""*"'^' Further, for x G Ui, Q{\ii'i + Mi) < 
Q{xfii + C//ii) < Q{\2J^i + M2). For any multi-index \a\ < k we have 
the following bounds (uniform also in /) 

(6.9) d^Vi o Mx) < ^^"+^{1 + uiT^'^^'i^ + ei) 

where we have set ^Rl = £(Z)e^^2^? = and 6^ = e"''^?^? 

= //,~^'^ So by setting N,Xl> {3N + 2n + a)/r + B and fixing 
A2 > Ai, we obtain ||L**||civ < (^"^ + (£(Z)//f^"). Then, for any 
integers N,B>0, 3C^g > so that \\L*'^\\cn < C^^/^r^- 

We now estimate the norms of 0;. For any k the derivatives dg(j) • 
I a I < k are compactly supported in |a;| < e. Then, by the Chain 
Rule, dg(t)i{x) < jjif^ for such a. Furthermore, we find that the RHS 
of (6.7) is majorized by IJ^^~^ uniformly in I. 

We now find a lower bound on LHS of (6.7). Let us restrict < 
e < 7r/4 (say). Then, for x e supp0z, Ree^(^?^+^'"') > ^2/2. And, 
for sufficiently large / (st. ui > Xi/5) and x G supp hi, we have 
J^{x^Jbi-\- i/ 111) > 1. Hence, 



Ui = {x\uiXi < \x\iii < \2i'i & \y\, \w\ < e/2}. 
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and, for sufficiently large I (as above and for iii/vi > 6Ai/e) 



/ hiix)(f)i{x)dx > I i '^ i ^ 1 dydwdx — ^^7 -^ 

Therefore LHS of (6.7), for sufficiently large /, is bounded below by 
The condition on L can therefore be shown not to hold 
as we choose Ai > so large that we may fix S > 4 + 2A'". The 
condition (6.7) is then violated for all sufficiently small e > for any 
index N for all sufficiently large /; and, hence, the result of case 1 is 
shown. 

The proof of case 2 is similar to that of case 1 by replacing Q in 
(6.8) with Qi{t) =^ \t\/ by redefining vi =^ /iiln/ii, hi{x) =^ 
h(xui/idi,y,w). Then (6.9) holds for % = €(l)e''^'''i/''' = €(l)i4^^ 

and 6; = e"''^!'^'/^' = ^'"'^^ for / = 1,2,... We may choose Ai < 
A2 so large that RHS of (6.7) is likewise majorized by for any 
desired 5 > as / — )■ 00. In this case we compute \/2Ile J^cp'^dx > 
XiHl^ / 1^1 sufficiently large /, so that LHS has a lower bound 
the same as that of case 1. The criteria (6.7) are thus violated and 
the proof is complete. □ 

We find that quasi-regularity of both is an exact condition for 
various subclasses of our operators. 

Corollary 6.10. If L = P{X,Y) where P has property Q, then L is 
locally solvable if and only if both are quasi-regular. 

Corollary 6.11. Suppose that the characteristic roots of (generic) 
Pn associated with L = P{X, Y) satisfy either Rejj 7^ Vj or Rejj 
— Wj. Then L is locally solvable if and only if both are quasi- 
regular. 

At this point one may suspect that local solvability of P(X, Y) 
is not always assured whenever Pn{X, Y) is solvable. Indeed, we 
give examples of non-solvability in such some such cases in the next 
section. 
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7. Some second-order examples 



We now give some examples of solvable and non-solvable opera- 
tors in the second-order case. We start with criteria for local non- 
solvability for the adjoints of the operators 

(7.1) L = -X'^ - iaiYX + 02^^ - ia[X, Y] - ih^X + + c 

where ak,bk,a,c complex numbers with of 7^ 4a2. We compute 

(P d 2 bi d b2 c 

^1^^119+ "i*T7 + + a H 3- H i + ^ 

dV dt jj, dt n jjL"^ 

With 7j as the characteristic roots, Re7i > Re72, the corresponding 
/3j's are given by (2.10) to be 

Pi = — ^- — {bi + 71^2); = (^1 + l2b2). 

72 -71 72 - 7i 

Thus, from Theorem 6.3, we immediately conclude the following 

Proposition 7.2. The adjoint operator L* for L as in (7.1) is not 
locally solvable if one the cases hold: 

1) Rerfi and Re^2 are non-zero and have the same sign; 

2) Reji = > i?e72 and 

Im(7i - 72) Im(6i + 7162) > Re72Re(6i + 7162); 

3) i?e72 = < Rerfi and 

Im(72 - 7i) Im {bi + 7262) < Re7iRe(6i + 7262) 

As an example, let us set a2 = a = and let ai = — 2A for some 
real X ^ 0. The characteristic roots are 1 and 2A. Here, Coo is self- 
adjoint and bases ip"^ of ker>Coo are given: jjjf — 1, ipf — J^^e'^^^ds 
(resp.) when A < 0; and, ipf — J^e^^^ds, ipf — 1 for X > 0. So, 
ker>Coon'^(-'^)\{0} empty for any such A. Thus, the associated 
operator L* is locally solvable when 61 = 62 = c = 0. However, the 
operator L* is not locally solvable for any 62 and c when Re6i > 0, 
although the operator P2{X, ¥)* is locally solvable. 

We also note, conversely, that non-solvability of P„(X, F) is not 
generally a sufficient condition for non-solvability of P{X, Y). A class 
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of operators, known as generalized Laplacians, serve to demonstrate 
this point: Let L^^a be given by 

(7.3) (A^ - l)Lx,a = (1 - A^)^^ + Y^ + iX{XY + YX) + ia[X, Y] 

for constant A, a such that — 1 < A < 1 is real and a e C. Here, 
Lx^a is not locally solvable when a e Z"^ is odd; yet, for any constant 
c 7^ 0, a + c is locally solvable for any A, a in their domains (see 
Theorem 3.3 [MPR]). We elaborate on operators (7.3) as we sketch 
an alternate proof (viz [DPR, FS, S]) that the operator Lx,a + c is 
locally solvable for any c 7^ : 

We start with the case A = 0. Since the characteristic roots are ±1, 
from Theorem 4.5 it suffices to show that Cfj_ = df —t"^ + a — zfi^"^ for 
any fixed a and z ^ is regular since the analysis for each associated 
is essentially the same. In the case a > not an odd integer we 
see that ker£+oo = ker-^^+oo which contains no iS(R)-class functions 
other than the zero function. It then follows from Theorem 5.2, that 
(7.3) is locally solvable. 

Let us now continue with the case A = but now with a > 

— * 

an odd integer. We form (admissible) bases ip^ of ker£^ using the 
well-known parabolic cylinder functions U,V (cf. Chapter 19 [AS]): 

We set a = o(//, a, z) =^ and write 

0±(t,^) = f/(a,±v^t) X e~'"/\±t)^^^^ 

for > 2\z\, ±t > 1 (resp.). With sufficiently large > 2\z\, the 
associated transition matrix A{fi) satisfies 

[A]i,i = sin(7ra) X 1 ; [A]i,2 = 7r"^r(a+ 1/2) cos^(7ra) x /i; 

[A]2,i = 7r/r(a + 1/2) x ; [^]2,2 = sin(7ra) x 1 

on {/Iq, 00); and, hence, is regular. 

We elaborate further on the odd a case above to give a partial 
demonstration of our parametrix, regarding the steps involving (4.2). 
The estimates on the (f)f hold on complex sectors of the form | ± arg t 
— 7r/4| < (5 < 7r/4 (resp.) for n sufficiently large along complex arcs 
Im/j, > 0, fixed. Hence, we have clear choices for as in (4.1), 
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using CKi = 7r/4, 5 — 7r/2, and Ai = /i^. Moreover, there are constants 
Ci,C2 7^ SO that = Ci4>f and Tif = C2(j)f (resp.), whereby the 
integral formula along with contours are readily determined. 

We now suppose that A 7^ 0. The operation V^^x : V^^\4>{t) = 
gMtV20±(t/ 71312) gives kerA^(L;,,,) = P^,,(ker(A^(Lo,e)) (see Pro- 
position 7.2 [MPR]). Moreover, V e ker£^, Vi,,x((f)) e S{R) if and 
only if e (S(M). Since |A| < 1, the polynomial P associated with 
(7.3) has property Q. It now follows from Theorem 5.2 that (7.3) is 
locally solvable in the specified domains of a and A. 

8. Appendix 
Proposition 8.1. Given a e IR, and a, 7 > 0, 

eT^'+°^(l + dt < eT*'+"*(l + t)"+^ 





i-OO 



/oo 
e-^"'+"^(l + sy dt < e-^*'+"*(l + t)" 

for t > 0. Moreover, for any positive ao constants im,plicit in the 
asymptotics may be chosen so that the estimates are uniform for \a\ < 
ao. 

Proof. The results hold for a = [Wl]; so, employing the change of 
variables u — s + we compute 



/' 

Jo 



27 



27 



<e-4^(l + |^|) / e^" (1 + |i^|)" dii 



27 



<e-^ ^l+l^l^ [J ^ I e"'(l + |i^|)"dii + J^^'%^"'(l + i^)"di^] 

27 



^a+l 

32 



du 



which holds uniformly for t > and for \a\ < aQ. 

By the same substitution we likewise compute for i > 0, 

<e%(l + ^) [ / ' e^"'(l + / e^"'(l + IwD'^dw] 

uniformly for |a| < ao and t > 0; and, the result follows. □ 

Remark 8.2. We make a correction to equation (2.13) [Wl].^ For each 
T > the support of Fr (the full Fourier transform of F^) contains a 
neighborhood of the origin and thus the result should appear as 

11^.11?-.) < c,T-' f (1 + (eiT)2 ^ ^^^^)2 ^ (e3r2)2)-|F,(arc^e 

for some constant > 0. This follows by the Paley- Wiener Theorem 
and the 5(]R)-mode of convergence of F^- to its limit ^, supported in 

{i\^3 > 1}- 

Remark 8.3. The statements of Propositions 4.1, 4.4 and Lemma 
4.5 [W3] (here z = n) each hold for operators £^ of the present 
article under our definition of resolving permutations but restricting 
the domain of A to semi-infinite intervals (i?, 00) (here R — /Iq) for 
sufficiently large, fixed R > 0. 

Let us elaborate on the above remark to point out modifications 
necessary to apply the aforementioned results to the present work: 
We may interpret the classifications Vr, J^r and Br in the manner 
of [W3] (Appendix) regarding only large z > Q (ignoring meromor- 
phicity near the origin). Furthermore, in the context of the present 
article, we recast (19) [W3] as follows: If is regular, then there 



■"^The author thanks the anonymous reviewer of said article for having pointed 
out the error in the original manuscript. 
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exists an admissible pair of bases for kerC^ such that 4>i = A{ij,)(j)i 
where ^4 in an n x n matrix which hkewise takes the block form 





/qJ-xJ- 


j^J-xJ+ 





(8.4) 


A = N^+xJ- 


qJ+xJ+ 







\ A 


B 


Q 



Here, Q = Q*-"^'^^^'^ )x{n-j+-j ) ^^le dimensions of A and B are 
thus obvious. Except for their dimensions, the corresponding blocks 
have the same properties as those in Proposition 4.2 [W3]. Moreover, 
if jC/j, is quasi-regular, there is a transition matrix A{ii) which takes 
such block forms on open sets Ui (corresponding to various resolving 
CTj), whereby equation (20) and Proposition 4.4 therein also hold. 

Let us say that A has a degenerate row when there is an index 
K > whereby [A{ni)]j^k : k < K are each rapidly decreasing on 
a common sequence /i; — )■ oo (srd). From the proofs of Corollaries 
3.2 and 4.2 of [W3] we find that if £^ is irregular, in the present 
context, then {A~^y has a degenerate row and the result of Lemma 
4.5 therein also follows here. We note that the order of the admissible 
pairs according to ± sign is arbitrary. Remark 8.3 still holds upon 
interchange of bases, redefining A, a and the accordingly. 

Proof of Proposition 2.18: It follows from Section 4 of [C] that 
given the solution v as in (2.12), we may find another solution by 
solving the equation 

(8.5) v' ^Kv + {n + C)v. 

Here A and TZ are obtained by deleting the last row and last column 
from A and TZ, respectively and where C is an (n — 1) x (n — 1) matrix 
with components [C]ij = ^[B]nj, supposing (perhaps by increasing 
to if necessary) that Vn{t) ^ ior t > Iq. Then, the vector 



/ ^^1 \ 




Vn-l 




\ Vn / 


\ / 
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yields a solution to C^y — where 



(8.6) 9' - ^CZ}B\n,^^) 



n-l 

-{ 



To obtain estimates for w, we have from analysis as in (2.17) that 

(8.7) |5|<|e*^|; \v^_, - e^^l < \t-'\\e''^\; |%| < Ir^He'^^l 

for j < n — 1. Since the right-hand side of (8.6) is majorized by 
|t^^|| cxp($2 — '^i)(^)| uniformly in t and n, we may uniquely define 
g by setting g{to) = to obtain 

\g{t)\<\t-'\\eM^2-^im\. 

It then follows that w and its components also satisfy estimates 
(8.7) for j < n. We then obtain another solution ipn-i — [Sw]i^i, 
with 72 replacing 71 in S, this one satisfying 

—^2 = [Stn],j = (72^ + fi,,n-iy-'e^'^'^^\l + 0(1)) as i ^ 00 

with bounds uniform for fi > ^o- Moreover, from the construction 
of g, we have that ^2(^,A*) is a holomorphic function of provided 
t is sufficiently large. It is clear that ijj2{t, extends to a holomor- 
phic function of // for all t. We then obtain estimates for hnearly 
independent functions ipj '■ 1 < j < n hj induction each being holo- 
morphic functions of fi. Estimates and holomorphic properties for 
large t < follow similarly: By the same analysis on P{ids,s) with 
s — —t, the 7j's remain the same; yet, by (2.2) and (2.10), the ^^'s 
change sign. The main result, having been shown up to derivatives 
of order j = n — 1, follows inductively by applying (2.19) to -j^^il^ 
— o JO-fj,^ for any -0 e ker£^ (cf. [Wl]); here, 

^o£, = )^a,(t,/.) — 

j=0 

whose coefficients satisfy aj{t,ij) (1 + |t|)'*"'"^~''. □ 
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